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Abstract
Solar dynamo models require some mechanism for magnetic field concentra-
tion near the base of the convection zone in order to generate super-kilogauss
toroidal fields with sufficiently large (∼ 1024Mx) magnetic flux. We consider
the downward diamagnetic pumping near the base of the convection zone as
a possible concentration mechanism and derive the pumping velocities with
allowance for the effect of rotation. Transport velocities for poloidal and
toroidal fields differ in rotating fluid. The toroidal field is transported down-
ward along the radius only but the pumping velocity for the poloidal field has
an equatorward meridional component also. Previous results for cases of slow
and rapid rotation are reproduced and the diamagnetic pumping expressions
adapted for use in dynamo models are presented.
Keywords: Sun: magnetic fields; magnetohydrodynamics (MHD); dynamo;
turbulence
1. Introduction
Large-scale magnetic fields of turbulent fluids do not strictly follow the
mean fluid motion. This is not only because the fields are subject to turbu-
lent diffusion. Mean-field magnetohydrodynamics also predicts the effects of
the large-scale field pumping with effective velocities which are not the actual
velocities of fluid motion. The fields are expelled from the regions of rela-
tively high turbulence intensity with the effective velocity V dia = −∇ηT/2
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is the eddy magnetic diffusivity; Krause and Ra¨dler, 1980). Diamag-
netic pumping was also found in 3D numerical experiments (Tobias et al.,
1998, 2001; Dorch and Nordlund, 2001; Ossendrijver et al., 2002; Ziegler and
Ru¨diger, 2003; Ka¨pyla¨ et al., 2006a) and in a laboratory experiment with
liquid sodium (Spence et al., 2007).
Diamagnetic pumping is significant for the modelling of the solar dynamo.
Ka¨pyla¨ et al. (2006b) and Guerrero and de Gouveia Dal Pino (2008) found
that allowance for the pumping brings their models’ results closer to obser-
vations. They in particular noticed that a horizontal component, which the
pumping velocity may possess in addition to its (dominant) radial part, can
be significant for latitudinal drift of magnetic fields. The observed equatorial
drift of sunspot activity is believed to result primarily from a deep equa-
torward meridional flow (Choudhuri et al., 1995; Durney, 1995). However,
horizontal turbulent pumping - if it exists - may also play a role.
Horizontal pumping can result from the influence of rotation on convec-
tive turbulence. The influence elongates convective eddies along the rotation
axis to induce turbulence anisotropy. The resulting anisotropic pumping
not only achieves a horizontal component but transports the poloidal and
toroidal large-scale fields with different velocities. These circumstances were
demonstrated in the case of effective transport due to stratification of den-
sity in turbulent fluid (Kichatinov, 1991) - a weaker effect compared to the
diamagnetic pumping near the base of convection zone. Almost all effects of
mean-field MHD for rotating turbulence were analysed in the nineties except
diamagnetic pumping (cf., however, Pipin, 2008). This paper fills the gap.
We shall see that the diamagnetic pumping indeed attains a horizontal
component in rotating fluids but only for poloidal fields which are transported
with a different velocity compared to that of toroidal fields. The relative value
of toroidal field transport (in relation to the turbulent diffusion) is enhanced
by rotation. Pictorial interpretations can be given to all of these findings.
Before deriving the diamagnetic pumping, however, it is worth discussing in
more detail why can it be significant for the solar dynamo.
2. Significance of diamagnetic pumping
The region near the base of the convection zone has long been recognised
as a favourable site for the solar dynamo. Diamagnetic pumping concentrates
magnetic fields towards this site. The generation of super-kilogauss toroidal
fields is hardly possible without this concentration.
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It is generally acknowledged that toroidal fields (Bφ) are wound from
poloidal ones (Bp) by differential rotation. The winding process is accounted
for by the following term,
∂Bφ
∂t
= r sin θ(Bp ·∇)Ω + ..., (1)
on the right-hand side of the toroidal field induction equation. In this equa-
tion, Ω is the angular velocity, r is the heliocentric radius and θ is the co-
latitude. The upper bound for the amplitude of the toroidal field, which can
be wound in the course of a solar cycle, can be estimated as Bφ = CB
p,
where Bp is the (local) amplitude of the poloidal field and the conversion
factor C reads
C = r sin θ|∇Ω|Pcyc, (2)
with Pcyc = 11 years as a cycle period. The angular velocity gradients in
the solar interior were detected seismologically by Antia et al. (2008). The
conversion factor of Eq. (2) estimated using their data (GONG data averaged
over the 23rd solar cycle) is shown in Fig. 1.
Helioseismology may underestimate the radial gradient of rotation in the
tachocline region. However, the radial gradient shears the radial field, which
should be small in the tachocline region. Otherwise it is a relic field penetrat-
ing from the radiative interior. The conversion factor of Eq. (2) is an upper
bound, which can be reached only if the poloidal field and rotation gradient
are perfectly aligned. Also taking Pcyc as the winding time overestimates
the conversion factor. The toroidal field is amplified only on the rise phase
of an activity cycle, before the poloidal field inversion. However, even the
upper bounds of the conversion factor of Fig. 1 are too small for producing
super-kilogauss toroidal fields with distributed dynamo models.
Galloway and Weiss (1981) estimated the total magnetic flux of the active
regions of a solar cycle to exceed 1024Mx. Their estimations also suggest that
a comparable or perhaps slightly smaller toroidal flux should be stored near
the bottom of the convection zone at the activity maxima. Assuming the
latitudinal extend of the storage region of about 30◦ and its radial extend
< 0.1R⊙, we find the low bound for the toroidal field strength of about
4000Gs. Cameron and Schu¨ssler (2015) found that the net toroidal flux does
not depend on how the poloidal field is distributed inside the convection
zone. The flux is uniquely defined by the surface radial field and differential
rotation. The observed surface fields correspond to the peak values of toroidal
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Figure 1: The poloidal-to-toroidal field conversion factor of Eq. (2) estimated from the
helioseismological data on the gradients of rotation rate of Antia et al. (2008) (colour
online).
flux of about 5× 1023Mx in the recent solar cycles 22 and 23 (Cameron and
Schu¨ssler, 2015). If the surface active regions emerge from near the base of
the convection zone, super-kiligauss toroidal fields should be present in the
near-base region.
The large-scale poloidal field on the solar surface is of the order of 1 Gauss
(Stenflo, 1988; Obridko et al., 2006). If the field is distributed smoothly inside
the convection zone, toroidal fields well below one kilogauss are produced near
its base (Fig. 1). It may be argued that this refers to the mean or large-scale
field only. The field in convectively-unstable fluids fragments in a fibril state
with a much stronger field in the fibrils compared to its mean value (Parker,
1984). However, the magnetic flux of a sub-kilogauss mean toroidal field in
the near-bottom region is too small (< 1024Mx) to feed active regions of a
solar cycle.
The problem can be resolved by downward diamagnetic pumping. The
meridional field pumped to the base of convection zone can be two orders of
magnitude stronger compared to the surface poloidal field (Kitchatinov and
Olemskoy, 2012). The conversion factors of Fig. 1 then suffice for producing
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super-kilogauss toroidal fields. It may also be noted that the model with
diamagnetic pumping realises an interface dynamo in spite of the model’s
being of distributed type. The model is, however, sensitive to details of the
turbulent diffusivity profile, specification of which remains to be a source of
uncertainties.
Diamagnetic pumping seems to be necessary for reproducing the obser-
vationally suggested combination of weak poloidal and strong toroidal fields
in dynamo models. Otherwise, polar fields over one hundred Gauss are re-
quired for producing super-kilogauss toroidal fields (Dikpati and Charbon-
neau, 1999; Miesch and Teweldebirhan, 2015).
3. Derivation of diamagnetic pumping
Mean-field magnetohydrodynamics includes the effect of turbulence in the
mean magnetic field (B) induction equation,
∂B
∂t
=∇× (E + V ×B − η∇×B) , (3)
via the mean electromotive force (EMF),
E = 〈u× b〉, (4)
which is the mean of the cross-product of the fluctuating velocity, u, and
magnetic field, b.
3.1. Qusi-linear approximation
We derive that part of the EMF that represents the diamagnetic pump-
ing. The derivations are performed in the quasi-linear approximation known
also as the second-order correlation approximation (SOCA) or the first-order
smoothing (FOSA). The approximation is justified for the cases of small
Reynolds numbers or short correlation times only. Solar convective turbu-
lence does not belong to either of these cases. However, the existence of
the limits, for which the quasi-linear approximation is valid, ensures this ap-
proximation from unphysical results. The approximation can be expected to
remain valid by order of magnitude also beyond its justification limits. The
expectation often - though not always - comes true (Ka¨pyla¨ et al., 2006a;
Karak et al., 2014). However, some disagreement about the validity of quasi-
linear approximation at the astrophysical case of high magnetic Reynolds
number still remains.
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Inhomogeneity of the mean field B is not essential for the contribution of
the diamagnetic pumping, Edia, in the EMF. Derivations are therefore per-
formed for the uniform mean field. Inhomogeneity of the turbulence intensity
has, however, to be included. Derivations are performed in a rotating frame
to include the effect of rotation. The influence of the mean magnetic field on
turbulence is neglected (the nonlinear diamagnetic pumping was considered
by Kichatinov and Ru¨diger, 1992).
The quasi-linear approximation for rotating inhomogeneous fluids was dis-
cussed in detail elsewhere (Ru¨diger and Kichatinov, 1993) and will be re-
peated here only briefly. The approximation neglects the nonlinear terms in
the equations for fluctuating magnetic and velocity fields. The characteristic
temporal and spatial scales of fluctuating fields are assumed small compared
to the mean-field scales. Variations of the mean fields during the correlation
time and over the correlation length of turbulence are neglected in the deriva-
tions of the diamagnetic pumping. It is then convenient to use the Fourier
transform for the fluctuating velocity,
u(r, t) =
∫
uˆ(k, ω)ei(r·k−ωt)dkdω, (5)
and the same for the fluctuating magnetic field. The transform simplifies
matters by converting partial differential equations into algebraic equations
to yield the following relations
uˆi(k, ω) = Dij(k, ω,Ω)uˆ
0
j(k, ω),
bˆ(k, ω) =
i(k ·B)
ηk2 − iω
uˆ(k, ω), (6)
where repetition of subscripts signifies summation and uˆ0 corresponds to the
so-called “original” turbulence not perturbed by rotation. The influence of
rotation is included via the tensor
Dij(k, ω,Ω) =
δij + Ωˆεijlkl/k
1 + Ωˆ2
, Ωˆ =
2(k ·Ω)
k(νk2 − iω)
. (7)
The original turbulence is assumed to be statistically steady but not uni-
form. The simplest spectral tensor, which allows for the inhomogeneity of
turbulence intensity, reads
〈uˆ0i (z, ω)uˆ
0
j(z
′, ω′)〉 =
Eˆ(k, ω,κ)
16πk2
δ(ω + ω′)
×
(
δij − kikj/k
2 + (κikj − κjki)/(2k
2)
)
, (8)
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where k = (z − z′)/2 and κ = z + z′. Eˆ(k, ω,κ) in Eq. (8) is the Fourier
transform of the local spectrum E(k, ω, r):
E(k, ω, r) =
∫
Eˆ(k, ω,κ)eiκ·rdκ,
〈u0
2
〉 =
∞∫
0
∞∫
0
E(k, ω, r) dk dω. (9)
On using Eqs. (6) to (8), the Fourier transform of the EMF (4) can be
constructed. The inverse Fourier transform then gives the sought-for EMF.
Only the even terms in the angular velocity should be kept in the derivations.
The even terms represent the contribution Edia of the diamagnetic pumping.
The odd terms stand for the alpha-effect (Krause and Ra¨dler, 1980), which
we do not consider.
3.2. Anisotropic diamagnetic pumping
The derivation of the diamagnetic pumping for rotating fluid outlined
above yields
E
dia = U t ×B − U˜ × e (e ·B) , (10)
where e = Ω/Ω is the unit vector along the rotation axis and the effective
velocities, U t and U˜ , are gradients of scalar functions:
U
t = −∇η1, U˜ = −∇η2. (11)
The η-functions of the angular velocity and parameters of turbulence will be
specified shortly.
The EMF (10) describes an anisotropic diamagnetic pumping by rotating
turbulence. The anisotropy in particular means that the direction of trans-
port depends on the direction of the mean magnetic field B (Ossendrijver
et al., 2002). For the often assumed case of axial symmetry, the toroidal
field is transported with the velocity U t. This can be seen from Eq. (10) if
we note that the dot product of the toroidal field with vector e is zero. The
pumping velocity for the (axisymmetric) poloidal field can be found by notic-
ing that only the component U˜⊥ = U˜ − e(e · U˜) of the velocity U˜ normal
to the rotation axis contributes to the second term on the right-hand side of
Eq. (10). Then, for the axisymmetric case considered, this second term can
be rewritten as
U˜ × e (e ·B) = U˜⊥ ×B
p, (12)
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where Bp is the poloidal field. This field is, therefore, transported with the
velocity
U
p = U t − U˜⊥. (13)
For the practically important case of the η-functions of Eq. (11) varying only
with radius r, the transport velocities read
U
t = −er
∂η
1
∂r
,
U
p = −er
(
∂η
1
∂r
− sin2 θ
∂η
2
∂r
)
+ eθ sin θ cos θ
∂η
2
∂r
. (14)
In this equation, er and eθ are the radial and meridional unit vectors respec-
tively. The toroidal field is pumped radially inward and the poloidal field -
inward in radius and towards the equator according to the Eq. (14).
Quasilinear expressions for the η-functions are rather complicated. They
include spectral integrals of complicated functions (cf. Kichatinov and Ru¨diger,
1992), not appropriate for use in dynamo models. Sufficient simplification
provides the mixing-length approximation (also known as the τ -approximation).
In this approximation, the local spectrum (9) includes the only scale ℓ = uτ
(u = 〈(u0)2〉1/2 is the rms velocity and τ is the convective turnover time):
E(k, ω, r) = 2u2δ(k − ℓ−1)δ(ω). (15)
Viscosity and magnetic diffusivity are replaced by the order of magnitude
estimations of their effective values
ν = η = ℓ2/τ. (16)
The η-functions of Eqs (11) and (14) then read
η
1
= η
T
φ
1
(Ω∗), η
2
= η
T
φ
2
(Ω∗), (17)
where η
T
= ℓu/3 is the background eddy diffusivity and the dependence on
rotation rate is involved via the new φ-functions of the Coriolis number
Ω∗ = 2τΩ. (18)
This number measures the intensity of interaction between convection and
rotation. The Coriolis number in the Sun increases with depth and exceeds
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Figure 2: φ-functions of Eq. (17) defining the dependence of diamagnetic pumping on
rotation rate.
10 near the bottom of the convection zone where the diamagnetic pumping
is most significant. The φ-functions of Eq. (17) read
φ
1
(Ω∗) =
3
4Ω∗2
(
−1 +
1 + Ω∗2
Ω∗
tan−1(Ω∗)
)
,
φ
2
(Ω∗) =
3
4Ω∗2
(
−3 +
3 + Ω∗2
Ω∗
tan−1(Ω∗)
)
. (19)
The functions are shown in Fig. 2.
In spite of the Ω∗2 in denominators of the functions (19), they approach fi-
nite values for the small Coriolis number: φ
1
≃ 1/2−Ω∗2/10 and φ
2
≃ Ω∗2/5
for Ω∗ ≪ 1. In the limit of vanishing rotation, therefore, the pumping be-
comes isotropic with equal transport velocities U = −∇η
T
/2 for poloidal and
toroidal fields to reproduce the known result for non-rotating fluids (Krause
and Ra¨dler, 1980).
In the opposite limit of very fast rotation, the φ-functions of Eq. (19)
decrease in inverse proportion to the Coriolis number: φ
1
≃ φ
2
≃ 3π/(8Ω∗)
for Ω∗ ≫ 1. The pumping velocities (14) for toroidal and poloidal fields differ
in this rapid rotation case. Close to the equator, in particular, the transport
velocity for the poloidal field vanishes while the toroidal field is transported
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with the velocity U t = −∇η
2
. This finding reproduces the long known result
of Zel’dovich (1957) for two-dimensional turbulence. The point here is that
turbulence approaches two-dimensionality at the rapid rotation. The flow
is almost uniform along the rotation axis. Zel’dovich (1957) found that the
field normal to the direction along which the 2D turbulent flow does not vary
is transported with the effective velocity U = −∇η
2
, where η
2
is the eddy
diffusivity for this field. The field parallel to this direction, however, is not
subject to the pumping. This is why the pumping velocity of the poloidal
field disappears near the equator at the rapid rotation. It remains to be
noted that the turbulent magnetic diffusion is also anisotropic in rotating
fluids and the η
2
diffusivity applies to the direction normal to the rotation
axis in the rapid rotation limit (Kitchatinov et al., 1994, the diffusivity along
the rotation axis is twice as large).
4. Conclusion
Super-kilogauss toroidal fields with magnetic flux in excess of 1024 Mx in
the near-bottom region of the convection zone are required in order to re-
verse and then replenish the global poloidal field by the Babcock-Leighton
mechanism in the course of a solar cycle (Choudhuri and Hazra, 2015; Miesch
and Teweldebirhan, 2015). Such strong fields, however, cannot be produced
by the differential rotation in a distributed dynamo scenario (Fig. 1). Some
mechanism for the field concentration at the base of convection zone is nec-
essary. The concentration can be provided by the diamagnetic expulsion
of large-scale fields from the regions of relatively large turbulence intensity
(Zel’dovich, 1957; Krause and Ra¨dler, 1980). The diamagnetic pumping is
most efficient near the base of the convection zone where convective turbu-
lence is strongly inhomogeneous. Allowance for the downward pumping helps
to realise an interface dynamo in models with distributed design (Kitchatinov
and Olemskoy, 2012).
In this paper, diamagnetic pumping by rotating turbulence was derived.
The transport velocities of Eq. (14) reproduce previously known results for
cases of very slow and very rapid rotation and extend them to arbitrary rota-
tion rates. The transport velocities for (axisymmetric) toroidal and poloidal
fields differ. The toroidal field is pumped downward while the transport of
the poloidal field has a horizontal part towards the equator. The horizontal
transport can influence the latitudinal migration of the field in dynamo mod-
els (Guerrero and de Gouveia Dal Pino, 2008) though the field advection by
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the meridional flow is probably more significant.
A more important effect of rotation seems to be the increase of the pro-
portionality coefficient between the pumping velocity of the toroidal field and
the diffusivity gradient. The increase from 1/2 for slow rotation to 1 for rapid
rotation may seem to be slight but can, nevertheless, be important. Let us
imagine a slab of turbulent fluid bounded by, say, horizontal superconduct-
ing planes. Let the large-scale horizontal field B in the slab be subject to
turbulent diffusion with diffusivity ηt and pumping with the effective veloc-
ity U = −q∇ηt. If both the field and the eddy diffusivity are horizontally
uniform and vary in vertical direction only, the steady solution of the mean-
field induction equation demands Bηqt = const. The steady field-profile is
very sensitive to the power index q if the diffusivity varies across the slab as
strongly as it does near the base of the solar convection zone.
Other types of turbulent transport can operate in stellar convection zones.
The topological pumping of Drobyshevski and Yuferev (1974) due to the
asymmetry between upward and downward flows is a widely known example.
However, the strong inhomogeneity of convective intensity near the base of
the convection zone probably makes the diamagnetic pumping dominant in
this region. It is also not clear whether the topological asymmetry can be
relevant to the almost 2D convection at high Coriolis numbers.
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